We investigate the spin and pseudospin symmetry in the single-particle resonant states by solving the Dirac equation containing a Woods-Saxon potential with Green's function method. Taking double-magic nucleus 208 Pb as an example, three spin doublets 3d, 2h, and 1 j and three pseudospin doublets 3p, 1ĩ, and 1j are obtained for the single-neutron resonant states. By analyzing the energy splittings, we find that the threshold effect plays an important role in resonant pseudospin doubles. Besides, there is a reversed level structure of pseudospin doublets in the continuum. Differently, all the width splittings of either the spin doublets or the pseudospin doublets are systematically positive and the splittings are very small except 1j doublet. Further studies show that the splittings of the energies and widths for the resonant (pseudo)spin doublets are independent. Besides, the similarity properties of the wave functions of the spin and pseudospin doublets still maintain well in resonant states.
I. INTRODUCTION
Symmetries in the single-particle spectrum of atomic nuclei are of great importance on nuclear structure and have been extensively discussed in the literature (see Refs. [1, 2] and references therein). The breaking of spin symmetry (SS), i.e., the remarkable spin-orbit (SO) splitting for the spin doublets (n, l, j = l ± 1/2) caused by the SO potential, lays the foundation to explain the traditional magic numbers in nuclear physics [3, 4] . The conservation of pseudospin symmetry (PSS), i.e., the quasi-degeneracy between two singleparticle states with quantum numbers (n, l, j = l + 1/2) and (n − 1, l + 2, j = l + 3/2) redefined by the pseudospin doublets (ñ = n,l = l + 1, j =l ± 1/2) [5, 6] , has been used to explain a number of phenomena in nuclear structures, including deformation [7] , superdeformation [8] , magnetic moment [9] , identical rotational bands [10] and so on.
Since the recognition of PSS in the nuclear spectrum, comprehensive efforts have been made to understand its origin. In 1997, Ginocchio made a substantial progress and clearly pointed out that PSS is a relativistic symmetry in the Dirac Hamiltonian and becomes exact when the scalar and vector potentials satisfying Σ(r) ≡ S(r) + V (r) = 0 [11] . He also revealed that the pseudo-orbital angular momentuml is nothing but the orbital angular momentum of the lower component of the Dirac wave function [11] and there are certain similarities in the relativistic single-nucleon wave functions of the corresponding pseudospin doublets [12] . With a more general condition, Meng et al. pointed out that dΣ(r)/dr = 0 can be approximately satisfied in exotic nuclei with highly diffuse potentials [13, 14] and the onset of the pseudospin symmetry to a competition between the pseudo-centrifugal barrier (PCB) and the pseudospin-orbit (PSO) potential. Afterwards, the SS and PSS in nuclear spectra have been studied extensively such as PSS in deformed nuclei [15] [16] [17] [18] [19] [20] , PSS and SS * Electronic address: ttsunphy@zzu.edu.cn in hypernuclei [21] [22] [23] [24] [25] [26] , SS in anti-nucleon spectra [27] [28] [29] [30] [31] , perturbative interpretation of SS and PSS [31] [32] [33] [34] [35] , and PSS in supersymmetric quantum mechanics [36] [37] [38] [39] .
In recent years, the study of single-particle resonant states has attracted great attentions due to the essential roles in the exotic nuclei with unusual N/Z ratios. In exotic nuclei, the neutron or the proton Fermi surface is very close to the continuum threshold and the valence nucleons can be easily scattered to the single-particle resonant states in the continuum due to the pairing correlations and the couplings between the bound states and the continuum become very important [40] [41] [42] [43] [44] . For example, the self-consistent relativistic continuum Hartree-Bogoliubov (RCHB) calculations suggested that the neutron halo in the first observed halo nucleus 11 Li is formed by scattering Cooper pairs to the 2s 1/2 orbit in the continuum [42] . Similarly, the predicted giant halos in exotic Zr and Ca isotopes by RCHB theory are formed with more than two valence neutrons scattered as Cooper pairs to the continuum [40, 45, 46] . By including only the contribution of the resonant states, the giant halos were also reproduced by the relativistic mean-field calculations with pairing treated by the BCS method [47] . Moreover, taking the deformed relativistic Hartree Bogoliubov (DRHB) theory in continuum, the studies of deformed halo nuclei show that the existence and the deformation of a possible neutron halo depend essentially on the quantum numbers of the main components of the singleparticle orbitals in the vicinity of the Fermi surface [48] [49] [50] [51] [52] . Therefore, the properties of the resonant states close to the continuum threshold are essential for the investigation of exotic nuclei.
Thus, the study of the PSS and SS symmetry in the singleparticle resonant states should also be of great interests. Until now, there are already some investigations of the PSS in the single-particle resonant states. As early as around 2000, the PSS and SS in nucleon-nucleus and nucleon-nucleon scattering have been investigated [53] [54] [55] [56] . In 2004, Zhang et al. confirmed that the lower components of the Dirac wave functions for the resonant pseudospin doublets also have similarity properties [57] . In 2005 and 2006, Guo et al. investigated the dependence of the pseudospin breaking for the resonant states on the shape of the mean-field potential in a WoodsSaxon form [58] as well as on the ratio of neutron and proton numbers [59] . In 2012, Lu et al. gave a rigorous justification of PSS in single-particle resonant states and shown that the PSS in single-particle resonant states is also exactly conserved under the same condition for the PSS in bound states, i.e., Σ(r) = 0 or dΣ(r)/dr = 0 [60] .
During the past years, many approaches have been developed or adopted to study the single-particle resonant states, such as R-matrix theory [61, 62] , K-matrix theory [63] , Smatrix theory [64, 65] , Jost function approach [66, 67] , and the scattering phase shift (SPS) method [64, 68, 69] , which are based on the conventional scattering theories. Meanwhile, some techniques for bound states have been extended for the single-particle resonant states, such as the analytical continuation of the coupling constant (ACCC) method [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] , the real stabilization method (RSM) [83] [84] [85] [86] [87] , the complex scaling method (CSM) [88] [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] , the complex-scaled Green's function (CGF) method [99] [100] [101] , and the complex momentum representation (CMR) method [102] [103] [104] [105] [106] [107] [108] . Combined with the relativistic mean-field (RMF) theory, which has achieved great successes in describing many systems, such as the stable and exotic nuclei [44, [109] [110] [111] [112] , hypernuclei [113] [114] [115] , neutron stars [116] [117] [118] , and r-process simulations [119] [120] [121] [122] [123] , some of the above methods for single-particle resonant states have been introduced to investigate the resonances. As examples, the RMF-ACCC approach is used to give the energies and widths [74] as well as the wave functions [75, 77] of resonant states. Similar applications for the Dirac equations with square well, harmonic oscillator, and Woods-Saxon potentials can be seen in Ref. [57] . The RMF-RSM approach is introduced to study the single-particle resonant states in 120 Sn [87] . The RMF-CSM is developed to describe the single-particle resonant states in spherical [94, 95] and deformed nuclei [97, 98] . The single-particle resonant states in deformed nuclei have been investigated by the coupledchannel approach based on the scattering phase-shift method as well [68] .
Green's function (GF) method [124] [125] [126] is also an efficient tool for studying the single-particle resonant states with the following advantages: treating the discrete bound states and the continuum on the same footing; providing both the energies and widths for the resonant states directly; and having the correct asymptotic behaviors for the wave functions. Nonrelativistically and relativistically, there are already many applications of the GF method in the nuclear physics to study the contribution of continuum to the ground states and excited states. Nonrelativistically, in the spherical case, in 1987, Belyaev et al. constructed the Green's function in the Hartree-Fock-Bogoliubov (HFB) theory in the coordinate representation [127] . Afterwards, Matsuo applied this Green's function to the quasiparticle random-phase approximation (QRPA) [128] , which was further used to describe the collective excitations coupled to the continuum [129] [130] [131] [132] [133] [134] [135] , microscopic structures of monopole pair vibrational modes and associated two-neutron transfer amplitudes in neutronrich Sn isotopes [136] , and neutron capture reactions in the neutron-rich nuclei [137] . Recently, Zhang et al. developed the fully self-consistent continuum Skyrme-HFB theory with GF method [138, 139] , which was further extended for odd-A nuclei [140] . In the deformed case, in 2009, Oba et al. extended the continuum HFB theory to include deformation on the basis of a coupled-channel representation and explored the properties of the continuum and pairing correlation in deformed nuclei near the neutron drip line [141] . Relativistically, in the spherical case, in Refs. [142, 143] , the fully self-consistent relativistic continuum random-phaseapproximation (RCRPA) was developed with the Green's function of the Dirac equation and used to study the contribution of the continuum to nuclear collective excitations. Recently, we have developed the continuum covariant density functional theory (CDFT) based on the GF method and calculated the accurate energies and widths of the single-neutron resonant states for the first time [144] . This method has been further extended to describe single-particle resonances for protons [145] and Λ hyperons [146] . In 2016, further containing pairing correlation, we developed Green's function relativistic continuum Hartree-Bogoliubov (GF-RCHB) theory, by which the continuum was treated exactly and the giant halo phenomena in neutron-rich Zr isotopes were studied [147] .
In this work, Green's function method is applied to investigate the (pseudo)spin symmetry in the single-particle resonance states. The paper is organized as following. We give the formulations of the Green's function method in Sec. II. After the numerical details in Sec. III, we present results and discussions in Sec. IV. Finally, a brief summary is given in Sec. V.
II. FORMALISM
In the RMF theory [109, 110, 112, 148, 149] , nucleons are described as Dirac spinors moving in a mean-field potential, and the corresponding Dirac equation is
where α and β are the Dirac matrices, M is the nucleon mass, and S(r) and V (r) are the scalar and vector potentials, respectively.
In the spherical case, the Dirac spinors of nucleons can be expanded as
where G nκ (r)/r and Fñ κ (r)/r are the upper and lower components of the radial wave functions with n andñ the numbers of radial nodes, Y l jm (θ , φ ) is the spinor spherical harmonic, l = l − sign(κ) is pseudo-orbital angular momentum, and the quantum number κ is defined as κ = (−1) j+l+1/2 ( j + 1/2). With the radial wave functions, the Dirac equation (1) is
where the mean-field potentials Σ = V + S and ∆ = V − S. Note that the single-particle energy ε in Eq. (3) is shifted with respect to M compared to that in Eq. (1). In order to study the SS and PSS of single-particle resonant states with the RMF theory, the Dirac equation governing the motion of nucleons will be examined by the Green's function method, in which the relativistic single-particle Green's function should be constructed in coordinate space according to the definition,
whereĥ(r) is the Dirac Hamiltonian. Taking the Green's function, the single-particle spectra including the bound and resonant states can be treated on the same footing by the density of states n(ε) [144] ,
where ε i is the eigenvalue of the Dirac equation, ∑ i includes the summation for the discrete states and the integral for the continuum, and n(ε)dε gives the number of states in the inter-
For the bound states, the density of states n(ε) exhibits discrete δ -function at ε = ε i , while in the continuum n(ε) has a continuous distribution. With a complete set of eigenstates ψ i (r) and eigenvalues ε i , the Green's function for nuclei can be represented as
where Σ i is summation for the discrete states and integral for the continuum explicitly. Green's function in Eq. (6) is analytic on the complex energy plane with the poles at eigenvalues ε i . Corresponding to the upper G i (r) and lower F i (r) components of the Dirac spinor ψ i (r), the Green's function for the Dirac equation is in a form of a 2 × 2 matrix,
In the spherical case, Eq. (5) becomes
where n κ (ε) is the density of states for a block characterized by the quantum number κ. By introducing an infinitesimal imaginary part "iε" to energy ε, it can be proved that the density of states can be obtained by integrating the imaginary part of the Green's function over the coordinate space, and in the spherical case, it is [144] 
κ (r, r; ε + iε)
Moreover, with this infinitesimal imaginary part "iε", the density of states for discrete single-particle states in shape of δ -function (no width) is simulated by a Lorentzian function with the full-width at half-maximum (FWHM) of 2ε. For the construction of the Green's function of Dirac equation and detailed formalism in GF-RMF model, the readers are referred to Ref. [144] .
III. NUMERICAL DETAILS
In this work, taking the double-magic nucleus 208 Pb as an example, the PSS and SS in the single-particle resonant states are investigated for neutrons. The mean-field potentials in the Dirac equation (3) are given in the Woods-Saxon form [76, 150, 151] 
,
where Σ 0 = −66 MeV, ∆ 0 = 650 MeV, R = 7 fm, and a = 0.6 fm. As discussed in Ref. [150] , this potential is realistic enough to study the splittings of pseudospin partners, though it is not fully self-consistent. The equations in the GF-RMF model are solved in the coordinate space with a mesh step of 0.1 fm and a cutoff of R box = 20 fm. To calculate the density of states n κ (ε), the parameter ε in Eq. (9) is taken as 1 × 10 −6 MeV and the energy step dε is 1 × 10 −4 MeV. With this energy step, the accuracy for energies and widths of the single-particle resonant states can be up to 0.1 keV.
IV. RESULTS AND DISCUSSION
In Fig. 1 , the density of states n κ (ε) in different blocks κ for neutrons in 208 Pb are plotted as a function of the singleparticle energy ε. The dotted line in each panel indicates the continuum threshold. The peaks of δ -functional shapes below the continuum threshold correspond to bound states and spectra with ε > 0 are continuous. In the continuum, by comparing the density of states for 208 Pb (denoted by blue solid line) and those for free particles obtained with zero potentials Σ(r) = ∆(r) = 0 (denoted by the red solid line), one can easily find out the resonant states. It is clear that the density of states n κ (ε) for the resonant states sit atop of those for free particles. Accordingly, the neutron resonant states are observed in d 3/2 , d 5/2 , g 7/2 , h 9/2 , h 11/2 , i 13/2 , j 13/2 , j 15/2 and k 15/2 blocks. Among these resonant states, the states h 9/2 and i 13/2 are relatively very wide.
From the density of states, the energies of the bound states as well as the energies (ε res. ) and widths (Γ) of the resonant states can be extracted [144] . In Table. I, we list the energies and widths of the single-neutron resonant states in 208 Pb. In Fig. 2 , the mean-field potential Σ(r) and the corresponding single-particle levels including both the bound states and resonant states are shown for neutrons in nucleus 208 Pb. A good shell structure of the single-particle spectra can be observed. The traditional neutron magic numbers 2, 8, 20, 28, 50, 82 and 126 and the candidate 184 [152] are well reproduced.
In Fig. 3 , we present the single-neutron spectra in nucleus 208 Pb in forms of spin doublets and pseudospin doublets with respect to the angular momentum l and pseudoangular momentuml, as well as the mean-field potential Σ(r). Four spin doublets 3d, 2g, 2h, and 1 j and also four pseudospin doublets 3p, 2f , 1ĩ, and 1j are observed for the single-neutron resonant states. However, the state 2g 9/2 of 2g spin doublet and the state 4s 1/2 of 3p pseudospin doublet are weakly bound states. For the spin doublets in Fig. 3(a) , SO splittings between the doublets with low angular momenta l are relatively small, such as the p and d orbits. Besides, the splittings of the doublets with the same main quantum number (n = 1 or n = 2) increase with the angular momentum l, except the 2h resonant doublets locating in the continuum. This monotonic relation can be explained by the centrifugal barrier V CB = 1 M + l(l + 1) r 2 keeping the particle away from the center so that a big overlap between the wave functions and the spin-orbit potential always happens for larger l [153] . For all the pseudospin doublets withl > 0 in Fig. 3(b) , there is always one state without pseudospin partners. These states are simply the intruder states with κ < 0, i.e., pseudospin antialigned. The appearance of these intruder state has been explained in a novel way with the Jost function [151] , which is related to the lower components of Dirac wave functions. The number of zeros of Jost functions of pseudospin antialigned states is always one more than that of pseudospin aligned states, hence one intruder state remains. This intruder state has also been naturally emerged in supersymmetric quantum mechanics [36] [37] [38] [39] . Meanwhile, different from the spin doublets, the pseudospin partners perform an obvious threshold effect. For example, the pseu- dospin partners 3p (3d 3/2 and 4s 1/2 ), 2f (2g 7/2 and 3d 5/2 ), and 1ĩ (1 j 13/2 and 2h 11/2 ) are very close to the threshold and their PSO splittings are as small as 0.5 MeV.
To show the SO and PSO splittings more clearly, the reduced SO splittings ∆E SO = (ε j < − ε j > )/(2l + 1) and reduced PSO splittings ∆E PSO = (ε˜j < − ε˜j > )/(2l + 1) versus the average single-particle energies E av = (ε j < (j < ) + ε j > (j > ) )/2 are respectively plotted in Figs. 4(a) and 4(b) . From Fig. 4(b) , a dramatic energy dependence of PSS is observed. The energy splittings ∆E PSO of 3p (3d 3/2 and 4s 1/2 ), 2f (2g 7/2 and 3d 5/2 ), 1ĩ (1 j 13/2 and 2h 11/2 ), and 1j (1k 15/2 and 2i 13/2 ) even become negative, which means the orders of the doublets have reversed. This reversed level structure is decided by the sign of the integration of the pseudospin-orbit potential [14] . And if the pseudospin-orbit potential vanishes, the PSS will be exactly conserved. This can also be explained by the spin-orbit effects within the framework of supersymmetric quantum mechanics as discussed in Refs. [38, 39] . For resonant states, the width is another significant feature. Thus we also study the width splittings for the spin doublets and pseudospin doublets for the resonant states. In Fig. 5 , the reduced SO width splittings ∆Γ SO = (Γ j < − Γ j > )/(2l + 1) and reduced PSO width splittings Γ PSO = (Γ˜j < − Γ˜j > )/(2l + 1) versus their average single-particle energies E av = (ε j < (j < ) + ε j > (j > ) )/2 are presented for the single-neutron resonant states in 208 Pb. Different from the case of the energy splittings, the width splittings Γ (P)SO both for the spin and pseudospin doublets keep positive, which means that the width splittings of the doublets are not reversed. For the spin doublets, because of the spin-orbit coupling, the single-particle energy of the state with positive κ are larger than that of the state with negative κ, but their centrifugal-barriers are approximately identical. Therefore, the widths of the states with positive κ are larger. For the pseudospin doublets, as pointed in Ref. [58] , such positive width splittings are mainly caused by the higher centrifugal barrier of the larger angular momentum state. Besides, the reduced SO width splittings are very small for all the three spin doublets locating from low energy to high energy, which are less than 0.1 MeV. The same case happens for the low lying 1f pseudospin doublet. However, the width splitting for the pseudospin doublets 1j (2i 13/2 and 1k 15/2 ) is relatively larger. This is mainly contributed by the rather large resonant width of 2i 13/2 (5.20 MeV), while the small width of its partner 1k 15/2 (1.98 MeV).
Comparing Fig. 4 and Fig. 5 , there is no specific relationship between energy splittings and width splittings for the single-particle resonant (pseudo)spin doublets. The energy splitting of a pair of doublets could be very large, while the width splitting of them could be very small and even versa. For example, for the spin doublets 1 j, ∆E SO = 0.419 MeV, while ∆Γ SO = 0.006 MeV, and for the pseudospin doublets 1ĩ, ∆E PSO = −0.051 MeV, while ∆Γ PSO = 0.118 MeV. Systematic studies have been carried out in Ref. [58] for the splittings on the dependence of the shape of the Woods-Saxon potential, and it has been found that the depth, radius, and diffuseness of the potential play an important role in both the width and energy splittings of the resonant states.
In order to investigate better the (pseudo)spin symmetry in the single-particle resonant states, we present in Fig. 6 the reduced energy splittings ∆E (P)SO versus reduced width splittings ∆Γ (P)SO for the (pseudo)spin doublets in 208 Pb. It is seen that the ∆Γ (P)SO ranging from 0.0 MeV to 0.25 MeV are independent of ∆E (P)SO .
The Dirac wave functions for the (pseudo)spin doublets provide another way to check the (pseudo)spin approximation in nuclei [12] , i.e., for the spin doublets, the upper components of the Dirac spinor G(r) are similar, and for the pseudospin doublets, the lower components of the Dirac spinor F(r) are similar. In Ref. [154] , such similarity properties for resonant states have been discussed by ACCC method. In the framework of Green's function method, the wave functions for the (pseudo)spin doublets are not calculated directly. However, it can be inferred from Eqs. (6) and (9) that the density distribution functions ρ g (r) = ImG (11) (a)
Im g (11) , Im g (22) [fm κ (r, r; ε + iε) and ρ f (r) = ImG (22) κ (r, r; ε + iε) in the coordinate space for the singleneutron resonance spin doublets (a) 3d, (b) 2h, and (c) 1 j in 208 Pb at the resonant energy ε = ε j > ( j < ) extracted from n(ε). For comparison, the functions for the spin doublets with smaller angular momenta j < are multiplied by a factor of 4.23, 2.56, and 246.61, respectively. With those factors, the density of states n(ε) integrated by ρ g (r) + ρ f (r) in Eq. (9) at ε = ε j > ( j < ) have the same hight.
ρ f (r) = ImG (22) κ (r, r; ε + iε) have a certain relationship with the wave functions, which are the integrands for the density of states n κ (ε) and correspond to the upper Dirac spinor G(r) and lower Dirac spinor F(r), respectively. Therefore, we show in Figs. 7 and 8 the density distribution functions ρ g (r) and ρ f (r) of different single-particle orbits. Fig. 7 shows the density distributions of the spin doublets 3d, 2h, and 1 j in 208 Pb. It can be seen that the integrands ρ g (r) = ImG (11) κ (r, r; ε + iε) of each doublets are quite similar and almost identical in the region around r < 7.5 fm, where the nuclear potential dominates. In Fig. 8 , we show the density distributions of the pseudospin doublets 3p, 1ĩ, and 1j. As seen in the figure, for the pseudospin doublets, the integrands ρ f (r) = ImG (22) κ (r, r; ε + iε) of each doublets are also quite similar and almost identical within the nuclear potential region. In conclusion, we can deduce with GF method that the similarity properties of the wave functions of the spin and pseudospin doublets still maintain in resonant states. Im g (11) , Im g (22) [fm 22) κ (r, r; ε + iε) clearly, all of them are enlarged by 10 times.
V. SUMMARY
In this work, taking the double-magic nucleus 208 Pb as an example, the SS and PSS in the single-neutron resonant states are studied with the Green's function method. The mean-field potential is taken in a Woods-Saxon form, which can well reproduce the traditional magic numbers and is realistic enough to study the splittings of pseudospin partners. Three spin doublets 3d, 2h, and 1 j and also three pseudospin doublets 3p, 1ĩ, and 1j are obtained for the single-neutron resonant states in 208 Pb.
First, the energy splittings for the (pseudo)spin doublets are investigated. It is found that the SO splittings with the same main quantum number increase with the angular momentum. The pseudospin doublets perform an obvious threshold effect, i.e., the energy splittings of doublets locating around the zero energy are very small. Moreover, a dramatic energy dependence of PSS is observed and the orders of the doublets are reversed for the resonant states.
Second, the width splittings for the (pseudo)spin doublets are investigated. We find that the reduced width splittings of either the spin doublets or the pseudospin doublets are systematically larger than zero. The width splittings are very small ranging 0 MeV to 0.25 MeV, which are independent with the energy splittings.
Finally, as an examination, we check the similarity of the distribution functions ρ g (r) and ρ f (r) which respectively cor-respond to the upper component G(r) and the lower component F(r) of the Dirac spinor for the (pseudo)spin doublets. For the spin doublets, ρ g (r) are quite similar, while for the pseudospin doublets ρ f (r) are quite similar. We conclude that the similarity properties of the wave functions of the spin and pseudospin doublets still maintain in resonant states.
